The paper is dedicated to construction of invariants for the parabolic equation
Introduction
We consider the standard linear second-order parabolic partial differential equations in two independent variables: u t þ aðt; xÞu xx þ bðt; xÞu x þ cðt; xÞu ¼ 0; aðt; xÞ 6 ¼ 0:
Recall that the well-known group of equivalence transformations for Eq. (1) (given in [1] ), i.e. the changes of variables t, x and u that do not change the form of Eq. (1), is composed of the linear transformation of the dependent variable, Theorem. An arbitrary Eq. (1) with k = 0 has one invariant of the sixth-order:
and one invariant of the seventh-order:
Furthermore, there are additional invariants of the seventh-order in the following particular cases.
(A) The family of Eq. (1) obeying the invariant conditions
has the invariant
(B) The family of Eq. (1) defined by two invariant equations
(C) The family of Eq. (1) obeying the invariant conditions
2. Generalities
Equivalence group
For obtaining invariants we use the Lie approach. This approach consists of finding an equivalence group of point transformations, and finding its invariants by solving a system of homogeneous linear equations. Let us recall the method for obtaining an equivalence group. Consider a parabolic equation (1) . Since the functions a, b, c depend on the independent variables t, x only, the equivalence group should leave invariant the equations
Let the generator of a one-parameter equivalence group be
where the coefficients n t , . . . , f c may depend, in general, depend on the variables t, x, u, a, b, c. The coefficients of the prolonged operator
are defined by the prolongation formulae
Here the operators D e t ; D e x are operators of the total derivatives with respect to t and x, respectively, where the space of the independent variables consists of t and x,
The operators D t , D x and D u are operators of total derivatives with respect to t, x and u, where the space of the independent variables consists of t, x, and u,
Because of (16) and the definitions of f au ; f bu ; f cu , one can split the part of determining equations
Consequently the coefficients n t , n x , f a , f b and f c do not depend on u. Solving the determining equations e X e F j ð1Þ;ð2Þ ¼ 0; one finds
with arbitrary functions p = p(t), q = q(t, x), r = r(t, x). Hence, we arrive at the following generator of the equivalence group:
This manuscript is devoted to constructing differential invariants of the equivalence group. For obtaining nthorder invariants we use the infinitesimal test e X e ðJ Þ ¼ 0;
where J depends on a, b, c and their derivatives up to order n. Notice that for relative invariants the infinitesimal test is
where S is a manifold defined by equations J k = 0, k = 1,. . . , s.
Semi-invariants and the representation of invariants
Recall that the generator for finding semi-invariants is (see [2] )
and that Eq. (1) has the following semi-invariants up to the second-order (see Section 1) a; a t ; a x ; a tt ; a tx ; a xx ; K;
where K is given by Eq. (4):
x : Furthermore, the invariants of the equivalence group defined by the generator (18) are in the class of functions J of the form (4) involving, in general, the derivatives of a up to the order n, and derivatives of the function K(t, x) are up to the order n À 2. Accordingly, the generator (18) is rewritten in the form
where
The coefficients of the prolonged operator
are defined by the prolongation formulae, e.g.
For finding invariants one has to apply the following procedure. Let us consider an invariant of order n, where it is assumed that J depends on the variable a, its derivatives up to nth-order, the function K and its derivatives up to (n À 2) order. Invariants can be obtained by solving the equations e X e ðJ Þ ¼ 0;
and relative invariants by solving the equations e X e ðJ k Þj S ¼ 0:
Sixth-order invariants
This section is devoted to finding sixth-order differential invariants. Let J ða; a t ; a x ; a tt ; a tx ; a xx ; . . . ; a xxxxxx ; K; K t ; K x ; K tt ; K tx ; K xx ; . . . ; K xxxx Þ be a sixth-order differential invariant. The prolonged operator e X e is defined by (20) . Splitting the equations e X e ðJ Þ ¼ 0 with respect to p, q and its derivatives, one obtains a system of 43 linear homogeneous equations. Some of these equations are of the following two types. The first type is
where J = J(x, y 1 , y 2 , . . . , y n ), and the coefficients a i (i = 1,2,. . . , n) are linear functions of the independent variables y 1 ,y 2 , . . . , y iÀ1 which have the form
The characteristic system for Eq. (21) 
Á Á Á
From the characteristic system one can obtain the general solution of (21). The second type of equations is
where k i (i = 1,2,. . . , n) are constant. The general solution of (22) is
. . . ; nÞ:
The calculations for obtaining the system of equations for finding invariants and solving its equations are cumbersome. For these calculations we therefore used the Reduce programs developed for solving the linearization problem of third-order ordinary differential equation [5] .
After solving the equations of the first and second types the system is reduced to the following system of equations
and J = (J 1 , J 2 , J 3 ). If k = 0, then J 1 = J 2 = J 3 = 0. This case was studied in [3] . If k 5 0, then J 1 5 0. Because of the first equation of (23), J does not depend on J 2 . Solving the second equation of (23), one obtains the only invariant J 5 3 =J 6 1 . This invariant was also obtained in [4] as an invariant with respect to contact transformations.
Seventh-order invariants
Similar to the previous section the system for finding invariants of seventh-order is reduced to the following equations
where J 4 ¼ ðÀ5k t a x a À 4k x a t a À 5a tx ak þ 15a t a x k þ 2k tx a 2 Þ=ð8a 8 Þ;
J 5 ¼ ðÀ9k x a x a À 5a xx ak þ 15a
Remark. The invariants J 7 , J 8 , J 10 and J 11 are equal, up to immaterial constant factors, to the invariants (8), (9), (11), . . ., respectively. Namely:
Conclusion
This paper is devoted to finding sixth and seventh-order differential invariants of linear second-order parabolic partial differential equation (1) under an action of the equivalence group of point transformations. We found one sixth-order differential invariant J 5 3 =J 6 1 . Seventh-order invariants are J 7 , J 8 . Other functions J 9 , J 10 and J 11 are invariants for particular cases. We have also found invariants of eighth and ninth-order, but the result is too cumbersome, and it is not presented in the paper.
